Abstract: We will examine the waveguide mode losses in ridge-guided quantum cascade lasers. Our analysis illustrates how the low-loss mode for broad-ridge quantum cascade lasers (QCLs) can be a higher-order lateral waveguide mode that maximizes the feedback from the sloped ridge-wall regions. The results are in excellent agreement with the near-and far-field data taken on broad-ridge-guided quantum cascade lasers processed with sloped ridge walls.
Introduction
Quantum cascade lasers (QCLs) are being used in applications requiring mid-infrared sources. For many of these applications, narrow-ridge devices can provide adequate power and beam quality. For applications requiring higher powers, broadening the ridge has led to higher-order lateral modes. These effects are displayed in recent experiments on broad-ridge quantum cascade lasers [1] [2] [3] . These near-and far-field studies of QCLs processed with sloping ridge walls have shown that as the ridge widths are increased, the lasing power is concentrated in just a few higher-order lateral waveguide modes. Consequently, the lasing lateral far-field forms a dual-lobed pattern that can remain relatively stable with nearly fixed divergence angles, independent of ridge width [2] . This paper will attempt to explain the dual-lobed far-field data taken on broad-ridge QCLs [2] . Many features could contribute to the dual-lobed far-fields. For instance, the sloping ridge walls vary with the processes used for the device fabrication. Factors such as dry-or wet-etch, wall slope and wall roughness, as well as the optical properties of the bounding regions, could all figure into a detailed analysis [4] . Here, we concentrate on one possible explanation. For our primary approximation, we analyze an ideal trapezoidal waveguide model, in which the top side has width W´B and the bottom side has width W`B; the top and bottom are separated by a perpendicular distance, D. 
Perturbation Approach to the Trapezoidal Waveguide Modes
The ideal trapezoidal waveguide is difficult to analyze exactly. Therefore, we will use an approximate approach in which the trapezoidal waveguide is treated as a perturbation from the ideal rectangular waveguide shown in Figure 2 . Are we justified in replacing the complicated reality of the sloped ridge side walls with the ideal trapezoidal waveguide of Figure 1 ? Here, we will show that the lowest-loss cavity modes for the trapezoidal waveguide can explain the two-lobed far-field data [2] . In particular, the lateral extent of the sloped ridge-wall regions, B, proves to be the critical parameter. It determines the lowest-loss mode as a function of ridge width, and most importantly, demonstrates that the angular separation of the two lobes in the far-field is essentially independent of ridge width for the broad-ridge QCLs.
The ideal trapezoidal waveguide is difficult to analyze exactly. Therefore, we will use an approximate approach in which the trapezoidal waveguide is treated as a perturbation from the ideal rectangular waveguide shown in Figure 2 . 
in which N is an odd integer for the symmetric lateral modes while
in which N is an even integer for the anti-symmetric lateral modes [5] . For either case, the unperturbed z-component of the propagation vector is
This form of ideal rectangular waveguide mode satisfies the wave equation in the guide region with complex index w n . Also, the modes equal zero at the boundaries, y = 0, D and
We could use a more exact form of mode in the y-direction, but as we will show, it has only a modest effect on the calculations that follow. Finally, we are assuming that these waveguide modes all operate coherently at a single wavelength, λ.
The propagation constant for the modes in a trapezoidal waveguide can be estimated from first-order perturbation theory as Rectangular waveguide model. Cross-hatched triangles carry perturbation
This rectangular waveguide propagates the electric field polarized in the epitaxial growth direction (y-axis) between the back and front facets of the QCL. The ideal, unperturbed, rectangular waveguide modes are taken as either U N px, yq " sin p π y{Dq cos pN π x{ pW`Bqq (1) in which N is an odd integer for the symmetric lateral modes while
This form of ideal rectangular waveguide mode satisfies the wave equation in the guide region with complex index n w . Also, the modes equal zero at the boundaries, y = 0, D and x "˘pW`Bq {2. We could use a more exact form of mode in the y-direction, but as we will show, it has only a modest effect on the calculations that follow. Finally, we are assuming that these waveguide modes all operate coherently at a single wavelength, λ.
The propagation constant for the modes in a trapezoidal waveguide can be estimated from first-order perturbation theory as
Photonics 2016, 3, 11 3 of 5 in which U N px, yq and β 0 pNq are the unperturbed rectangular waveguide results. We emphasize that the indices of refraction for both the waveguide and the barrier are complex numbers, so that the overall perturbation is complex. The integral in the numerator is over the triangular cross-hatched regions shown in Figure 2 , while the normalization in the denominator is over the entire rectangular waveguide cross-section. A final evaluation, after completing the lateral integration, gives the first-order perturbation theory estimate as
in which f " 2 N π { pW`Bq. The parameters, D, W, B, as well as the complex indices of refraction for the waveguide and the barrier, are shown in the figures. Note that the perturbation changes both the real and imaginary parts of the propagation constant for the N-order mode.
Examples of QCL Cavity Mode Calculations
The dual-lobed far-field data taken on broad-ridge QCLs is remarkable [2] . All the devices radiated 4.45 micron radiation into a pair of lobes at˘38˝as shown in Figure 3 . Here, W defines the device stripe width and n indicates the mode number. 
The dual-lobed far-field data taken on broad-ridge QCLs is remarkable [2] . All the devices radiated 4.45 micron radiation into a pair of lobes at ±38° as shown in Figure 3 . Here, W defines the device stripe width and n indicates the mode number. Additionally, while the individual lobes were not diffraction-limited, it is obvious that only a small set of higher-order lateral modes were operating. This behavior was observed, independent of ridge-width, from 50 micron wide devices out to 400 microns. Here, we will try to explain this behavior using the first-order perturbation result in Equation (3).
First, from Equation (3), we observe that a stationary value of the perturbation integral occurs when Therefore, the perturbation solution suggests that the lowest-loss trapezoidal waveguide mode is of Additionally, while the individual lobes were not diffraction-limited, it is obvious that only a small set of higher-order lateral modes were operating. This behavior was observed, independent of ridge-width, from 50 micron wide devices out to 400 microns. Here, we will try to explain this behavior using the first-order perturbation result in Equation (3).
First, from Equation (3), we observe that a stationary value of the perturbation integral occurs when f B{D " 2 π {D; at this value of f " 2 N π { pW`Bq, the second term in the integrand integrates to zero. This corresponds to N « pW`Bq {B, in which N, the lateral mode order, must be an integer. Therefore, the perturbation solution suggests that the lowest-loss trapezoidal waveguide mode is Photonics 2016, 3, 11 4 of 5 of relatively high-order when W > B. We can insert this mode-order value, N « pW`Bq {B into the unperturbed mode expression as U N px, yq " sin p π y{Dq sin pN π x{pW`B« sin p π y{Dq sin pπ x{Bq (6) so that the lowest-loss trapezoidal waveguide modes propagate to a dual-lobed far-field at lateral angles given by sinθ "˘λ{ p2Bq; for λ = 4.45 µm and θ "˘38.5 o , we calculate the lateral width of the sloping ridge side-walls as B = 3.57 µm . This value seems reasonable for the processing used on the Reference [2] devices. Furthermore, as long as we select the lowest-loss trapezoidal waveguide mode, these dual-lobed far-field angles and the near-field intensity periodicity do not depend on ridge width. Finally, we have defined the mode order at the base of the trapezoid. If we shift our reference to the mode order at the center layer, y = D/2, then N = W/B. For the Reference [2] devices, this gives perfect agreement with the data in Figure 3 , with mode orders N = 14, 28, 56, 84 and 112 at B = 3.57 µm.
Conclusions
The perturbation theory result, Equation (3), gives surprisingly good agreement with the data on broad-ridge QCLs. Normally, first-order perturbation theory is most reliable when we are evaluating small perturbations. The change from a rectangular waveguide to a trapezoidal waveguide does not, necessarily, seem that small. But perhaps for the broad-ridge QCLs, the effects at the sloping ridge walls can be viewed as only a small part of the overall waveguide, so that the perturbation is of order B/W; this appears to be the case here. An additional element of support can be developed from the two-slab approximation to the trapezoidal waveguide; this is illustrated in Figure 4 . , we calculate the lateral width of the sloping ridge side-walls as B = 3.57 m . This value seems reasonable for the processing used on the Reference [2] devices. Furthermore, as long as we select the lowest-loss trapezoidal waveguide mode, these dual-lobed far-field angles and the near-field intensity periodicity do not depend on ridge width. Finally, we have defined the mode order at the base of the trapezoid. If we shift our reference to the mode order at the center layer, y = D/2, then N = W/B. For the Reference [2] devices, this gives perfect agreement with the data in Figure 3 , with mode orders N = 14, 28, 56, 84 and 112 at B = 3.57 m.
The perturbation theory result, Equation (3), gives surprisingly good agreement with the data on broad-ridge QCLs. Normally, first-order perturbation theory is most reliable when we are evaluating small perturbations. The change from a rectangular waveguide to a trapezoidal waveguide does not, necessarily, seem that small. But perhaps for the broad-ridge QCLs, the effects at the sloping ridge walls can be viewed as only a small part of the overall waveguide, so that the perturbation is of order B/W; this appears to be the case here. An additional element of support can be developed from the two-slab approximation to the trapezoidal waveguide; this is illustrated in Figure 4 . It appears that feedback from the sloping ridge walls is enhanced for higher-order lateral modes. This result was suggested from both first-order perturbation theory as well as from the two-slab approximation. A lowest-loss lateral QCL mode of order
is in excellent agreement with the near-and far-field data on broad-ridge QCLs [2] . Most importantly, the resulting dual-lobed far-field angles and the near-field intensity periodicity do not depend on ridge width.
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